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Abstract 

In this paper, we analyze the cross-correlation properties for Chu sequences, which provide information on the 
distribution of the maximum magnitudes of the cross-correlation function. Furthermore, we can obtain the number 
of available sequences for a given maximum magnitude of the cross-correlation function and the sequence length. 
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Chu sequences, cross-correlation function. 



I. Introduction 



IN general, it is desired to design a set of sequences with an impulsive autocorrelation function and 
a zero cross -correlation function for many practical applications. However, according to the Welch 
bound, the Sarwate bound, the Sidelnikov bound, the Massey bound and other bounds BU — [SJ , it was 
shown to be impossible to construct such an ideal set of sequences. Therefore, searching large families of 
sequences with good auto-correlation function and cross -correlation function properties has been one of 
the most interesting topics in sequence design. For evaluating the correlation properties, one good choice 
is to use the maximum sidelobe magnitude of the autocorrelation function and the maximum magnitude 
of the cross-correlation function, which are respectively denoted as 9 a and 9 C in this paper. Here, the 
following questions arise naturally: how many pairs of sequences are available for a given maximum 
values of 9 a and 9 C and what is the distribution of the magnitude of the cross-correlation function? 

Among well known good sequences are Kasami [5], Gold 0, Chu EOl-flU and complex four-phase iflOl 
sequences. For Kasami and Gold sequences, it was shown that there are \/N + 1 sequences satisfying 
9 a — 1 and 9 C = 1 + \Jl/N ||5||[[6l[fTT T |[[T2 l| . where N is the sequence length. For four-phase sequences, 
the number of sequences satisfying 9 a = 1 + VN and 9 C = 1 + \fN is N + 2 El (HI Jill . On the other 
hand, the autocorrelation function of Chu sequences is known to be zero except at the lag of an integer 
multiple of the sequence length 171—191 1131—1171 . 

A set of Chu sequences with length iV is defined as C = {a r | < r < A r , gcd(A r , r) = 1}, where the 
kth element of a r , a r (k), is defined as 




(1) 



The periodic autocorrelation function with lag r, 9 r (r), of the sequence a r is defined as 




°r(r) = a r (k)a* r (k + t)+ £ a r (k)a* r (k + r — N). 



(2) 




In [SI, it was shown that the periodic autocorrelation function of Chu sequences satisfies 

{N, r mod N = 0, 
(3) 
0, t mod N ^ 0. 

Let a r and a s be any two Chu sequences with length N. Then, the cross-correlation function 9 riS (r) of 
a r and a s with lag r is defined as 

N-t-1 N-t-X 

°r,s( T ) = J2 a r (k)a* s (k + r) + ^ a r (k)a*(k + t - N) 

k=0 k=N — t 

N-l ^ ' 

= J2 a r (k)a*(k + r), 

fc=0 

where the last equality comes from the fact that a r (k + d) = a r (k + d + N) for an arbitrary integer d [8||. 

In HI and [TT8l . it was shown that the maximum magnitude of the cross-correlation function 9 C can be 
lower-bounded as a function of the sequence length and the maximum magnitude of the autocorrelation 
function, 9 a . By using this lower-bound, the optimum correlation properties of a set of sequences can be 
defined and it follows that the lower bound of 6 C is equal to y/N when 9 a equals zero. Certain pairs of 
Chu sequences, a r and a s , meet this lower-bound when gcd(r — s,N) = 1. However, in order to obtain 
more Chu sequences with relatively low cross-correlation values, we need to investigate more general 
cross-correlation properties. 

In this paper, we derive general properties for cross-correlation function of Chu sequences. Using the 
derived properties, we can obtain the magnitude distribution of the cross-correlation function. Here, the 
maximum magnitude denotes the maximum magnitude value of the cross-correlation function of two 
given Chu sequences among all possible lags and its distribution is taken over all possible pairs of Chu 
sequences. In addition, the number of available sequences can be obtained for a given value of 9 C and the 
given sequence length. 

The remaining of this paper is organized as follows. In Section II, the magnitude of cross-correlation 
function of Chu sequences are described. In Section III, the distribution of the maximum magnitude of 
the cross -correlation function and the number of available Chu sequences for given maximum cross- 
correlation value and the sequence length are investigated. Finally, Section IV concludes this paper. 



II. Characteristic of the Cross-correlation function of Chu sequences 

In order to investigate the cross-correlation function of Chu sequences in detail, we need to find what 
are the possible values that the cross -correlation function of Chu sequences can take, which are given in 
the following theorem. 

Definition 1: Let r and s be positive integers satisfying < r, s < N, gcd(iV, r) = 1 and gcd(iV, s) = 
1. Also define g r s = gcd(N,r — s), u r>s = N/g r . tS and v r:S = (r — s)/g r a . Then u ra is relatively prime with 
v r>s . Also, for a given lag r, we can rewrite it as r = i T g r , s + d T , where i T = \j / 'g r , s \ and d T = r — i T g r ,s- 

Theorem 1: The magnitude of the cross -correlation function 6 r>s {r), \9 r)S (r)\, is given as 



\e r .,(r) 



Ng r ^ s 5 K (d T ) , N and u r ^ s v r ^ s even, or iV odd, 
Ng rs 5K^d T — ^~2j 7 N even and u r ^ s v r ^ s odd, 



0, otherwise, 
where 5k (•) is the Kroneker delta function. 

To prove Theorem [Q the following lemmas are useful. 

Lemma 1 0IH1: The hth primitive root of unity £ h can be defined as ^ = exp (j'27r|), where 
is any integer relatively prime to h. Then, for any integer v, < v < h — 1, 

fc=0 



Lemma 2: The squared magnitude of the cross -correlation function is given as 

IMr)| 2 = 

( 9r ' s ~ 1 2 ( smd\ 

u r , s gr,s E (-ir-^ m exp [j2ir— , iVeven, 

m=0 V 9r,s ) 

u r , s g r , s £ (-l)^"- +1 )exp i27T— , TV odd. 

m=0 \ ^> s / 

The proof of Lemma 2 is given in Appendix A. 



Now, the proof of Theorem [His given as follows. 

Proof of Theorem [7J First, consider the case when N and u r:S v rjS are even. Then, from Lemma 2, 
we obtain 

(5) 



9r.s -1 / 

I#r,s0)| 2 = Mr.s^r.s E exp j27r 

m=0 \ 9r,s 



If d T = 0, \0 r ^ s {i T u r ^)\ = u r , s gf s = Ng r ^ s . When, d T ^ 0, since s is relatively prime with g r>s , 

|0fy»(*T0iyj + ^r)| 2 = 0. 

Now, consider the case when iV is even and u r;S v r>s is odd. When d T = g r , s /% we obtain from Lemma 
2 that 



o I ■ _i_ ^ r ' s 



Sr,s— 1 



r, S #r,s E exp<^j27T 



m(u r s v r s m + s) 



(6) 



m=0 



We know that s is odd because s is relatively prime with N. If m is odd, u r ^v r ^m is odd and u rtS v riS m+ s 
is even. On the other hand, if m is even, u r)S v rjS m is also even. Thus, m(u rjS v r)S m + s) is always even 
and it shows that |6> rs (vg rs + g rjS /2)\ 2 = u r . tS g^ s = Ng r<s . When d T ^ g r ,s/2, from Lemma 2, we can 



rewrite \6 r Jt)\ as 



d' 



ffr.s — 1 C 

«r,«0jy» E exp 027T 

m=0 I V 

Mm 2^ ex P i 27r 



m(u r>s v r)S m + s) smd' T 



(7) 



m=0 



where d' T = d T — g r ,s/2 and the last equality comes from the fact that s is relatively prime with g r>s . 

Finally, consider the case where N is odd. Then g TiS and u r ^ s should be odd. Then, from Lemma 2, we 
obtain 



9r,s i / smd 

|0r,«(«T0r,« + d r)\ 2 = «r, S 9r, S eX P \3 2lr 1 

m=0 V 9r,s 



(8) 



= yj Ng rtS 5 k (d T ) , 

which concludes the proof. ■ 

III. Distribution of the maximum magnitudes of the cross-correlation function 
A. The uniform property 

Theorem Q] tells us that the characteristic of the cross-correlation function of two Chu sequences, a r 
and a s , depends only on g TjS = gcd(r — s,N). For example, when g r>a = 1, 9 C meets the lower bound 
of \/N. On the other hand, when g r s = N, 9 C becomes the largest value of N. However, it has not yet 
been investigated how many sequences are available for a given values of 9 C and the sequence length. To 
answer the question, it is required to investigate the distribution of the maximum magnitude values of the 
cross-correlation function. 



Definition 2: Any given integer N can be represented as N = Yli=iPi\ where pi denotes the ith 
smallest prime factor of N. Let us define pn = {n\0 < n < N, gcd(n, N) = 1} as the index set of Chu 
sequences of length N. Also, for a given integer c, define the following sets and function as follows. 



Un,c 


= {n — c | 


< n < N} 


Rn,c 


= {n — c 


n G fi N } 


Dn,c 


= {n — c 


< n < N and n fi N } 


pm 

r N,c 


= {npm - 


c | < n < N/p m } 



• Gn,x(S) = {n | n G S and gcd(n, N) = x} for a given integer set S. 

• \A\ : The cardinality of a set \A\. 



From Theorem [Q we can see that the maximum magnitude of the cross-correlation function between 
a r and a s is # rjS = max |0 r)S (r)| = ^Jg r , s N. Thus, for given N, s £ //jv and x, it is easily seen that 
Gn,x(Rn,s) = {r — s \ g TjS = gcd(r — s,N) = x and r £ fi N } is the set of differences between s and 
all Chu sequence indices whose maximum squared magnitude of the cross-correlation function with a s 
is equal to x. Then, \Gn, x (Rn, s )\ is the number of available Chu sequences satisfying 9^. S /N = x. Then, 
the main result of this subsection is given in the following theorem. 

Theorem 2: Let 1 < s ^ s' < N be two different integers relatively prime with N. Then, \Gn,x(Rn,s) I = 

\Gn,x(Rn,s')\- 

Theorem |2] indicates that the distribution of the maximum magnitudes of the cross-correlation function 
for a given Chu sequence set can be obtained by fixing one sequence arbitrarily and examining the 
cross-correlation functions with the other sequences. The following Lemmas 3-5 are useful the proof of 
Theorem [2l 

Lemma 3: For any two different integers c and c', Gn, x (Un,c) — Gn, x (Un,c>)- 

Proof: It has been proved that gcd(c + mN,N) = gcd(c, N) lfT9l[l20l . Then, it is easily seen that 
{ gcd(-c + 1, N), gcd(-c + 2, N), • • • , gcd(-c + N, N) } = { gcd(l, N), gcd(2, N), ■ ■■ , gcd(iV, N) } 
for any integer c. Therefore, Gn,x{Un,c) = Gn, x {Un,c')- ■ 

Lemma 4: Let a and b be positive integers satisfying gcd(a, b) = 1. Also, for an arbitrary positive 
integer m, define C = {na — c| k < n < k'}, where k is an arbitrary integer and k' = k + mb. Then, C 
contains exactly m integer multiples of b. 



Proof: For the ith element q = k^a — c of C, we can represent it as q = q(h)b + e(fcj), where 
q(ki) = [ci/b\ and e(bi) = Ci mod b. Note that such a pair of g(/c) and e(k) is unique for a given q ll20l . 
Let = Q — Cj. Then = — fcj)a = {g(^) — q(kj)}b + e(fci) — e(fcj). Thus, e(fcj) = e(kf) implies 
that (hi — kj) is an integer multiple of b and vice versa because a is relatively prime with b. Now, consider 
the partition {C r , < r < m}, where C r = {k r i a + c \ k + rb < k Tii < k + (r + 1)6}. Then, each C r 
contain exactly one element that is an integer multiple of b since e{k T) i), k + rb < k r> i < k+(r + l)b, are 
all distinct and < e(k r $) < 6, which concludes the proof. ■ 

Lemma 5: Let 1 < s ^ s' < TV be two different integers relatively prime with N. Then, if x is a 
divisor of N, \G N>x (D NiS )\ = \G NjX (D N>s ,)\. 



Proof: For a given iV = Tii=iP?, since -D 



JV,; 



\Jl =1 F% s from Definition 2, |G?^,*(-D 



N,i 



Gn,x (lJi=l P} 

\G NjX (D N>S )\ = \Gn,x (p i n,s) | ~ E E \Gn,x (Pn, s n Pa 



. Then, \G NyX (D Ny 
k 



can be rewritten as 

fc-i k 



2 

N,s 



1=1 

2 3 



+ (-i) fc ~ 2 E E ■•• E 

ti=li 2 =ii+l ife— i=ife— 2+1 



tl=l 12=41+1 
/k-1 

g n , x n ^ 

\m=l 



1m 

N,s 



+ (-ir 



fc-i 



' k 
u=l 



(9) 



If gcd(x,p m ) = 1, it is seen easily that there always exist N/(p m x) integer multiples of x among 
the elements in P™ s from Lemma 4. If gcd(x,p m ) ^ 1, p m should be a divisor of x since p m is a 
prime number. Thus, there is no integer multiple of x among the elements in P™ s since x is relatively 
prime with s. Thus, Gn, x (Pn s ) does not depend on s as long as s is relatively prime with N, i.e., 
Gn,x(Pn, s ) = Gn,x (Pn,s') • Let M be an arbitrary subset of {1, ■ • ■ , k}. Also, let m t denote the ith 



element of M. Then, for a given index set M, define L 



M 
N,s 



n |M| p 



N,s 



{nl m — s | < n < N/l m }, 



where l m = n'=i£W Similarly, if gcd(x, l m ) = 1, there always exist N/ (l m x) integer multiples of x 
among elements in Lj^ s from Lemma 4. If gcd(x, l m ) ^ 1, x should be an integer multiple of p mi for 
some rrii E M. Since s is relatively prime with all p mi , rrii G M, there is no integer multiple of x among 
the elements in Lf} s . Thus, Gn x (L^ J does not depend on s as long as s is relatively prime with N. 



Thus, from ©, \G N>X (D N}S )\ = \G NjX (D N>3 ,)\. 



The proof of Theorem [2] is now given as follows. 

Proof of Theorem\2\- When x is not a divisor of N, Gn,x(Rn,s) = regardless of s. When x is a 
divisor of N, from Lemmas 3 and 5, we have already seen that \G N ^ x (U NjS )\ and \G N:X (D N>S )\ does not 
depend on s as long as s is relatively prime with N and x is a divisor of N. Also, from Definition 2, 
since R NjS C\D NjS = 0, (G^. (#jv, s )| = \G N)X (U N>3 )\ - \G N)X {D N>S )\. Thus, G NjX (R N>3 ) does not depend 
on s as long as s is relatively prime with N. ■ 

5. 77ze distribution 

In this subsection, the distribution of the maximum magnitudes of the cross -correlation function is 
investigated. The main result of this subsection is given as follows. 

Theorem 3: For N = Yli =1 Pi\ < x < N, any s relatively prime with N, \Gn, x (Rn,s)\ is given as 

1^(^)1 = n ^x(o n $ *c?)> do) 

where M x , M*, x (z) and & x (i) are defined as follows. When a; is a divisor of N, M x denotes the 
set of indices of the prime factors of x and = {1, ■ ■ • , k} — M x . Then, x can be represented as 
x — IlieMzPi > where < n^x) < C{. Also, (j) x {i) and 3> x (i) are defined as 

0,(0 ^ P r ni(x) - (i - (q - n t (x))) P r ndx) -\ 
'K(j) = i>; ■-■■ipf '. 

When a; is not a divisor of iV, M x = 0, ^(z) = and $ x (i) = 0, so that \G N)X (R NjS )\ = 0. 
The following Lemmas 6-10 are useful for the proof of Theorem [3] 



Lemma 6 (Euler function Il20l0 : Let <p(N) be the number of positive integers that are relatively prime 
with N = lliLiP? among {n | < n < N}. Then, ip(N) is given as 



tp(N) = NY[(l-p. 1 ). 



(11) 



i=i 



Lemma 7: If x is not a divisor of N, \G NiX (R N:S )\ = since gcd(r — s, N) cannot be equal to x. 



Lemma 8: When N is a prime number, for s E n N and < x < N, \Gn, x (Rn,s)\ is given as 

1, ifx = N, 



\Gn,x{R 



N„ 



N-2, ifx = l, 
0, otherwise. 



(12) 



Proof: Since N is a prime number, gcd(r — s, N) — 1 when s ^ r and gcd(r — s, N) = N when 
s — r. Thus, \Gn,x(Rn,s)\ — for 1 < x < N. Since \/j,n\ = \Rn, s \ — N — 1 from Definition 2, 
\G NA (R N ,s)\ = N - 2 and \G N>N (R N>8 )\ = 1 . ■ 



Lemma 9: For iV = Ili=iPi» i ts divisor x and gcd(s, iV) = I, we can denote M x be the set of indices 
of the prime factors of x so that x = IlieM^ Pi an d M% = {!,■■■ ,k} — M x . Then, \G NtX (R N>s )\ is given 



as 



\Gn,x(R 



N,sj 



1, ifx = JV, 

n (k-2), ifx= n k ^ 



(13) 



0. 



otherwise. 



Proof: When = 1, (TT3l) holds from Lemma 8. Suppose that (PT3T) holds for any divisor x of N 
when k = K and let iV' = Npx+i- Then, the set of all divisors of N' is given as {y = x or xpi^+i | x G 
{all divisors of N}}. Note that ^ = { n \ < n < N', gcd(ra, iV') = 1} = { n + mN \ n e fi N , < 



m < Pk+i, gcd(n + mN,p K+1 ) = 1}. Thus, R N , >a = {n - s\n E fj, N >} = \J^o~ Rn, s , where 
Rn,s = { n + m N — s | n E /jn, gcd(n + mN, Pk+i) = 1 }• 

When y = x for a divisor x of iV, G N > >y {RJ^ s ) = { n + miV | n e G NjX (R N ^), gcd(n + mN,p K +i) = 
1, gcd(n — s + mN,pK+i) = 1 } since gcd(ra — s + mN,N') = x implies gcd(n — s, N) = x and 
gcd(n — s + mN,N') = x if gcd(n — s,N) = x and gcd(n — s + mN,p K+1 ) = 1. Similarly, when 
y-xpx+i for a divisor a: of iV, Gn'^Rns) = i n + \n E Gn,x{Rn,s), gcd(n + mN,p K+ i) = 
1, gcd(n - s + mN,p K+1 ) = p K+1 }. 

Now, define Bn(ti) = { n + miV | < m < px+i }■ Then, it is easily seen that 

PA'+l-l 

|GjV',y(-RjV',a)| = \GN>,y(RN> ;S )\ 

m =o (U) 

Z \ B N(n)\-\a s N)N ,(x,y)\, 

where a s NtN ,(x,y) = {(\ ( E U n eG N , x (RN, s ) B N(n), gcd(C + s, p K+1 ) ^ 1 or gcd(C, Px+i) ± y/x}. From 
Lemma 4, it is easily seen that |ct^- ^-/(x, ?/) n -B/v(?^)| — 2 when y — x since there is exactly one element 
in B N (n) for each of the two conditions : gcd(C + s,p K +i) ^ 1 and gcd((,p K+ i) ^ 1 and the elements are 
different due to the fact that gcd(C + s,pk+i) ^ 1 and gcd(s, N) = 1 implies gcd(C,Px+i) = 1- Similarly, 
Pk+i — 1 elements are not integer multiples of Pk+i m B N {n) when y = xpx+i since the first condition 
gcd(C + s,pk+i) 7^ 1 and gcd(s, N') = 1 implies the second condition gcd(C,Px+i) = 1 / Pk+i- 
Thus, from CH), \G N ', v (Rn',b)\ = Pk+i\G N}X (R N)S )\ - 2\G N)X (R NjS )\ = (p K+1 - 2) UieM* (Pi ~ 2 ) = 
n ie M y x+1 (P» _ 2 ) wnen 2/ = x and = Pk+i\G n>x (R n>s )\ - (pk+i - l)\G NiX (R NjS )\ = 

riiGMjf (Pi — 2) = Ilj e Af^+ 1 (Pi — 2) when ?/ = xp/^+i, which concludes the proof. ■ 

Lemma 10: For N = pi 1 , its divisor x = p™ 1 ^, < ni(x) < c\ and s E hn, \Gn,x(Rn, s )\ is given as 

0,(1), ifx= P r (x) , 

IGjv^C-Rjv^)! = ^ * x (l), if a: = 1, 



(15) 



0, otherwise. 



Proof: When n\(x) = c±, Gn,n(Rn,s) = {r — s | gcd(r — s,N) = N, r G ^n} = {0}, which 
implies \G n ,n{ r n,s)\ = 1- When < m(x) < ci, G^nito (Rn,s) ={r-s \ gcd(r -s,N) — pT (x \ r G 
/^at} = {r — s|r = mpi + s, < m < Pi 1 "™ 1 ^, gcd(m,pi) = 1}. Since there are p^ 1 "™ 1 ^ -1 
integer multiples of pi among {m\0 < m < p c ±~ ni ^}, \G »i(*)(.Rjvs)| — p°i~ — p° 1-ni W _1 . 
When x = 1, |Gjv,i(-Riv, s )| = j> - s| gcd(r - s, TV) = 1, r G /i^}. Note that |Gjv,i(-Rjv,s)| = 
|-Rjv,a| - Ef= 2 IGjv.xC-Rjv.s)! = |a*jv| - E*Li I G Nj i (R N , S ) \ ■ Since \/j, n \ = Pi 1_1 (pi - 1) from Lemma 
6 and IG^OR*,,)! = 1, \G N>1 (R N , S )\ = p<? - p?~ l - Etl' (Pi^ ~ Pi 1 "'" 1 ) - 1 = - Srf 1 " 1 - ■ 

Now, the proof of Theorem [3] is given as follows. 

Proof of Theorem\3\- When k = 1, (ITOT) holds from Lemma 10. Suppose that (flOl) holds for any 
divisor x of AT when k = K and let A 7 "' = Np°^\. Then, the set of all divisors of N' is given as a 
{ ^P^r+i I x G {all divisors of iV}, < / < c K+i }. Note that yU^/ = { n | < n < N', gcd(n, N') = 1} = 
{ n + mA 7 | n G /^tv, < m < p'k+I, gcd(ri + mN,pK+i) = 1}- Thus, i^jv'.s = {n — s\n G yU^/ } = 
U me{0 ,... .p^V-i} where ^JV.s = { n + miV ~s\ne fi N , gcd(n + mN,p K+1 ) = 1 }. 

When y = x for a divisor x of N, Gn'^Rn s ) = { n + m ^ I n e Gn,x(Rn,s), gcd(n + mN,p K+ i) = 
1, gcd(n — s + mN,p K+1 ) = 1 } since gcd(n — s + mN,N') = x implies gcd(n — s, N) = x and 
gcd(n — s + mN, N') — x if gcd(n — s,N) = x and gcd(n — s + mN,p K+1 ) = 1. Also, when y = xp l K+1 
for a divisor x of N and 1 < / < c K +i, Gx> ty (R™ s ) = {n + mN | n G Gn :X (Rn, s ), gcd(n + mN,p K+1 ) = 
1, gcd(n - s + mN,p l K+1 ) = p l K+1 }. 

Now, define B N (n) = { n + m# | < m < p c £+{ }. Then, it is easily seen that 

v K+1 -l 

\G N > >y (R N i jS ) \ = \ G N',y{R-N',s)\ 

m=0 (16) 

Yl \ B N(n)\-\a s NiN ,(x,y)\, 

where a s NjN ,(x,y) = {C|C e UneG^i^,.) ^Jv(n), gcd(C + s,p K+ i) ^ lor gcd(C,p^+i) 7^ 2//^}- 
Similarly to the proof of Lemma 9, \a s NN ,(x,y) fi JBjv(n)| = 2p c ^l~ 1 when y = x and |Gjv',y(-RAT',s)| 



then is given as 



\G N > y (RN',s)\=p K K :i n m$ n $ ^') - ^r 1 n n 

(17) 

= n ^(o n 

since M y = M x , Mf +1 = Mf U + 1}, = (f> x (i) for i G M x , = $ x (j) for j G Mf and 

i) = P ^ so that n ie<+1 = (p^ 1 - 2^+r 1 ) iw *«(*)■ Also ' similarl y 

to the proof of Lemma 9, |a^ j7V ,(x, y) fl Sjv(n)| = p°x+i — 1 when y = xp c £+[ and ICjv^^jv'.s)! is then 
given as 

iw^)i=pSi n n*^')-(ps?-i)n n 

(18) 

= n n = n n *v(j). 

since M,, = M x U {/<" + 1}, Mf +1 = , <^(z) = <f> x {i) for i G M x and <f) y (K + 1) = 1 so that 



UieMy <t>y{i) = UieM x M) and LT ieM f + 1 $w0') = IW* <Mj) for j G Mf = Mf + 1 . When y = xp^ +1 
for < / < CA-+1, G N , ty (R N , jS ) = Um=o G N i t y(B%>, 8 ) = i C I C e LUc^ii^) ^tf.yM. C = ™Pat+i + 
s, < m < p°x+i~\ gcd(m,p K+ i) = 1}. Similar to the proof of Lemma 10, \G}f',y(RN',s)\ is given as 
|G f i\r',j/(-Rjv / ,s)| = [Pk+i — p'k+i ^ \Gn,x(Rn,s)\ 

=(p%tr l -p e &r 1 - 1 ) n n a9) 
= n n 

since M, = M x . U{fT + 1}, Mf +1 = Mf , <j> y {i) = <j) x {i) for i e M x and 0,(^+1) = -P^+i 1 "'" 1 

so that n i6 ^^(0 = (^r'-P^r^n^M^.W and = for j G Mf = Mf+\ 

which concludes the proof. ■ 



C. Number of Available Chu sequences 

In this section, the number of available Chu sequences satisfying a given maximum magnitude of the 
cross-correlation is investigated. The main result of this subsection is given in the following theorems. 



Theorem 4: Let a partial Chu sequence set Ca be defined as Ca = {a r | r G A } for a given partial 
index set A C //jv and 6 1 ; 4 be the maximum magnitude of the cross-correlation among sequences in Ca- 
Then, 9^ < \9\ if and only if any two elements in Ca, a r and a s , satisfy gcd(r — s, N) < \9\ 2 /N. 



Proof: The proof is apparent since 9 r s = J N gcd(r — s, N) from Theorem [T] 



Theorem 5: For a given \/N < \9\ < N, let X N>6 = { all divisors of iV = nf=iPf greater than 
\9\ 2 /N }, x min = mmX N , e , M Xinin = {n\l < n < x min , gcd(n, N) = 1}, and x ¥ , min = arg ram xeXNg <p (x). 
Then, the largest cardinality among partial Chu sequence sets satisfying 9f < \9\ is lower bounded by 
|M Z tti .J and upper bounded by ^(x^J. 

Proof: The lower bound is apparent from Theorem |4] since the difference of any two elements in 
M Xmin is smaller than x m j n . Now, consider the upper bound part. Define 

Rx Vrniu = u ne ^ min i^ m;n , (20) 

where = {mx Vinin + n\0 < m < N/ X(Pinin } and N x ^. n = {n\l < n < x^ min , gcd(n, x Vjn J = 1}. 

Then, it is apparent that /i n C R Xtp . and \N Xtp \ = if(x Vmin ). Let A be any partial Chu sequence set 
satisfying 9f < \9\. Then, A fl RJl < 1 because the difference of any two distinct elements in i?" 

^min Vmin 

is at least x min . Thus, we can pick at most one element in i?" for each n G N x . , which proves the 

^min ^min 

upper bound. ■ 



Lemma 11: R x fl ji n ^ for any n G N x 



•Pmin 



Proof: Since gcd(n, x Vin J = 1, gcd(ma^ min +n, N) = gcd(n, (N/x^ in -m)x Vm J = gcd(ra, N/x Vmin 
— m). If gcd(n, N) = 1, gcd(mx (Pmin + n,N) = 1 when m = 0. If gcd(n, iV) = g > 1, gcd(mx ¥ , min 4- 
n, iV) = 1 when 1 < m = N(g — 1) /(x Vmin g) < N/x Vmin , which concludes the proof. ■ 



Note that Lemma 1 1 implies that the upper bound in Theorem \5\ is tight. Also, although not shown 
explicitly, exhaustive search showed that we can find a partial Chu sequence set with cardinality equal 
to the upper bound for the sequence length N up to 10 5 . Thus, although not proved, we may conjecture 
that the largest cardinality among partial Chu sequence sets satisfying Of < \0\ is ^(x^.J. 

Example 1 (N = 143, \9\ = V1430) : In this example, x m i n = x Vmin = 11, R Xtp . = {11m + n | 
< m < 13 and 1 < n < 11} and ip (x Vmin ) = 10. It is easily found that Ca, A — {1, 2, • ■ • , 10}, satisfies 
^<|0|and \A\=<p( Xvp J. 



Example 2 (N = 154, \9\ = V1540) : In this example, x min = 11, x (Pmin = 14, R Xip { = {14m + n \ 
< m < 11, 1 < n < 14, gcd(n, 14) = 1} and ip (x Vmin ) = 6. Note that {n\l < n < 14, gcd(n, 14) = 1} = 
{1,3,5,9, 11, 13} and 11 is not relatively prime with N so that it cannot be included in a partial Chu 
sequence set. Instead of 11, pick 14 x 2 + 11 = 39 to construct A = {1, 3, 5, 9, 13, 39}. Then, it is easily 
found that Ca satisfies 0^ < \9\ and \A\ = ip (x Vniin ). 

The three subfigures in Fig. 1 shows the number of available Chu sequences satisfying \9a/N\ 2 < 9 2 N 
for 8% = 0.01,0.05,0.1, when N is around 512, 1024, and 2048, respectively. Also, Table I gives the 
prime factors of N used in Fig. 1. It is well known that N is preferred to be a prime number, which 
is confirmed from the results. Also, the results indicate that, in cases we must choose N among non- 
prime numbers by some reason, the number of available Chu sequences tends to increase as the smallest 
difference between prime factors increases. Thus, it is preferred to choose N composed of two prime 
factors with relatively large difference (e.g., 508, 514, 515, 2045, 2049, 2051 as shown in Table I. 

IV. Conclusions 

In this paper, we analyzed generalized cross -correlation properties for Chu sequences. From the analysis, 
it was obtained that i) the magnitude of the cross-correlation function between any two Chu sequences for 
all possible lags, ii) the distribution of the maximum magnitude of the cross-correlation among a given 



Chu sequence set and iii) the number of available Chu sequences satisfying a given cross-correlation 



constraint. 



Appendix 

A. Proof of Lemma 1 

When N is an even number, we can rewrite r , s (r) as 

°r,s (t) = 2^ exp J7T— exp -J7T- 



fc=0 



N 1 \ J N 



exp ( -7T— ^ — ) ^ exp <j j2i. 

\ ^r,sQr,s J k=0 I \ ^r,s ^r,s9r 



2 \ U r , s J r , s - 1 



^7T 



(21) 



Then, the squared magnitude, \9^ s (t)\ 2 , is given as 



\0r, s (r)\ 2 



"t- ""'t- ' / o K«fc 2 sA;(^ r , s + d r )\\ f (sl{i T g r , s + d T ) V r J* 
E E expy27r Sexp027r' 



fc=0 «=0 



2it r s u rs g rs I J I y u rs g rs 2,u r 



(22) 



The last term in (1221) is periodic with period u r ^g r ^ s because 
exp < j'27r 



exp { j'27T ( fjJl^ig + _ _ ^pfL j I exp (-j7rv rtS u rjS g 2 s ) exp {j2n(i T g r ^ s + d T + lg r , s v rtS )} (23) 



s + t/ r ) 1V,s 

= exp^j27r f , 

[ \ 'U>r,s9r,s ^r,s J ) 

where the last equality comes from the fact that gv. )S is always even so that exp (^—jirv r>s u r)S g^ s ^ = 1 
because r — s should be even when N is even. For a periodic function f(x) with period N, it is easily 
seen that 

N-l N+k-l 

E/(0= E /(e)- (24) 

Z=0 e=fc 



Then, from (1231) and (|24|) . (|22j) can be rewritten as 



\dr,s(r)\= E exp <| J2 
fc=0 



7T 



2'Uj. )S ^r,s9r,s 

Ur, s9 ^+k-l , ( se (i g +d J y 6 2 

2^ exp 02tt - 



^r,s9r,s 2,U r 

v rjS k sk {i T g r ,s + <^t 
s(e + k) (i T g r . tS + d T ) v r)S (e + kf 



e=k 

E (25) 

fc=0 

E exp<jj27ri 

E ex P i ^ 2?r o r E ex P -^ 27r 

e=0 I V ?",s ^r,s9r,s J J /j_g \ ^r,s , 



The last term can be divided in two terms in (1251) . when e = mw r s and e 7^ mii v for < m < g r)S . 
Therefore, it can be expressed as 

IMr)|'= £ exp U - X + *> ) } Y exp (-,2^) 

e=mu r , s I V lu r,s M f,s9r,s / J fc=0 \ u r,s J 

u -1 ( ) 

+ E exp ^tt ^ exp -j27r-— . 

e^mur,< ^ V r ' s a r,syr,s / J fc=0 \ "r,s / 

When e 7^ mn r , s for < m < g r>s , the last term is equal to from Lemma 1 in (|26|) because u T ^ s is 
relatively prime with v r iS . Accordingly, we can rewrite (1261) as follows 

\0 r „ (r)| 2 = £ exp (jar ( ^ - *fc»- + *> ) ) ""ff'exp (-j2^) 

e=mu rta { \ ^ u r,s u r,s9r,s ) ) ^—q \ u r,s j 

= "fUj^ ( ^sU r ^ _ sm { Kgr , + d T ) \ j Ur ^-\ xp { _ j27TVrsme) (27) 

m=0 I V 2 9r,s j J e=0 



9r,s — 1 

«r, S 9r,s E (-l)^' 3 """ 1 exp 
m=0 



smd T 



When iV is an odd number, we can derive \9 riS {r)\ in similar to case when N is even. Accordingly, we 

can rewrite \0 T)S {t)\ 2 as 

^ / rfc(fc+l) \ / . s(k + r) (k+l + T) \ 
e r,s (r) = ^ exp ( j7T — I exp \-jir — I 

(28) 

s (r 2 + r) \ / . o Vr , s (k 2 + fc) sk (i T g r>s + d T ) \ \ 



k=0 



exp -j7T E ex P \ J 2 - 

\ ^r,s9r,s ) k=0 I \ ^^r,s ^r,s9r,s 



Then, the squared magnitude, \6 r ^ s {r)\ 2 , is given as 



v r , s (k 2 + k) sk (i T g r , s + d T ) Yl f / sZ (i T g r ,s + dr) ^r,s (Z 2 + Z) 



\Or,s(r)\ 2 = 

Ur,sQr,s 1 Ur jS Qr,s 1 ( 

2_, exp^27T \\exp< j2n 

/j = q ; = q t \ ^^r,s V>r,s9r,s /) ( \ ^r,s9r,s ^^r,s ) ) 

(29) 

The last term in (l29l) is periodic with period u r)S g r . tS because 

f s (Z + u r s g r s ) (i T g r s + d T ) 1 f ^r, s ((Z + u rjS g r>s f + (Z + M r , s g r , s )) 
exp < j27r : — : 1 > exp < — jn - - 

[ U r ,s9r,s J [ 

= expl j2n [ - ^ r5fr ' s + ^L- - Vr ' s 1 + l ) 1 exp(-jVw ri ^ r>s u riS (^ s + l))exp(j27r(z T ^ riS + rf T + Z^ riS w r>s )) 



exp < j27r 



si (i T g r ,s + d T ) v r>s (I 2 + I) " 

^r,sgr,s 2ll rs 



(30) 

where the last equality comes from the fact that g r , s -\-l is always even so that exp (— J7ro r , s gv, s (u riS g rjS + 1)) 
1 because r — s should be odd when N is odd. Then, from (l24l) and (|3Q|). (l29l) can be rewritten as 



la / \ 1 2 r ' s S^! f fv rs (k 2 + k) sk(i T g rs + d T ) 

\Qr,s{T)\ = 2^ exp^vr' 



fc=0 



2tt r s ^r,sgr,i 



L exp<jj27r( -— )}> (31) 



e=fc k \ Uj r,sijr,s ^"*r,s / J 

^ S_1 /.„ ( vr,s (e 2 + e) se (i^ + dj ^-'ftr 1 / t V >e\ 

e=0 I \ ^^r,s ^r,s9r,s ) ) k=0 \ ^r,s / 

The last term can be divided in two terms in (13TI) . when e = mu r>s and e 7^ mu r)S for < m < gy !S . 
Therefore, it can be expressed as 



l^, s (r)| = L ex PP 2 M^ — 2^ ex P " j27r ^^ 

e=mu r , s I \ ^"T,s «r,s(/r,s / J fc=0 \ «r,s / 

+ 2^ exp <^ j2tt M 2^ ex P -J 27r " 



2^r,s U J r,s9r,s J J fc=0 V ^r,s 



e=£mu r , s \ \ r ' s r,st)r,s / J fc=0 



When e ^ mu r:S for < m < g r>s , the last term is equal to from Lemma 1 in (l32l) because u r>s is 



relatively prime with v TyS and we can rewrite (1321) as follows 

K.,(r)P= E exp (jar ( - " (< -*» + dr) )\ ""if exp f-jar^) 

e=mu r , s { \ ^ u r,s u r,s9r,s / ) j^—q \ u r,s ) 

= 'exp { j27 r f + 1} - Sm( ^ + ^) ) ^ff 1 exp (-^^.e) (33) 

m=0 IV ^ (?r,s / J e=0 

E/ h \v riS m(n r , s +i) ( Smd T \ 
(-1) ■ ; exp I I. 



m=0 

On that way we have proved Lemma 1. 



9r 
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TABLE I 

The prime factors of adjacent numbers for TV = 512, 1024 and 2048 



TV 


507 


508 


509 


510 


511 


512 


513 


514 


515 


516 


517 


Prime factors 


3, 13 2 


2 2 ,127 


509 


2,3,5,17 


7, 73 


2 9 


3 3 ,19 


2,257 


5,103 


2 2 ,3,43 


11,47 


TV 


1019 


1020 


1021 


1022 


1023 


1024 


1025 


1026 


1027 


1028 


1029 


Prime factors 


1019 


2 2 ,3,5, 17 


1021 


2, 7, 73 


3,11,31 


2 io 


5 2 ,41 


2,3 3 , 19 


13, 79 


2 2 ,257 


3,7 3 


TV 


2043 


2044 


2045 


2046 


2047 


2048 


2049 


2050 


2051 


2052 


2053 


Prime factors 


3 2 ,227 


2 2 ,7, 73 


5,409 


2,3,11,31 


23,89 


2 11 


3,683 


2,5 2 ,41 


7, 293 


2 2 ,3 3 ,19 


2053 





1010 1015 1020 1025 1030 1035 

Length of sequences 



* |ej 2 =0.01 




2035 2040 2045 2050 2055 2060 

Length of sequences 



Fig. 1. Number of available sequences for a given maximum magnitude bound of the cross-correlation function 



